Abstract: An analytical solution is presented for the determination of deformation of curved composite beams. Each cross-section is assumed to be symmetrical and the applied loads are acted in the plane of symmetry of curved beam. In-plane deformations are considered of composite curved beams. Assumed form of the displacement field assures the fulfillment of the classical Bernoulli-Euler beam theory. The curvature of beam is constant and the internal forces in a cross-section is replaced by an equivalent forcecouple system at the origin of the cylindrical coordinate system used. The internal forces are expressed in terms of two kinematical variables, which are the radial displacement and the rotation of the cross-sections. The determination of the analytical solutions of the considered static problems are based on the fundamental solutions. Linear combination of the fundamental solutions which are filling to the given loading and boundary conditions, gives the total solution. Closed form formulae are derived for the radial displacement, cross-sectional rotation, nomral and shear forces and bending moments. The circumferential and radial normal stresses and shear stresses are obtained by the integration of equilibrium equations. Examples illustrate the developed method.
Introduction
The analysis of curved beam has been a topic of interest to research workers for over a century, it is a standard chapter in the most text-books of mechanics of solids [1] [2] [3] [4] [5] [6] [7] . This topic is still concern at the present time because curved beam elements of constant curvature are important components in many modern engineering structures. In this paper an analytical solution is presented for the solution of statical boundary value problems of non-homogeneous curved beams with constant curvature. For the solution static bending problems of layered curved beams Segura and Armengaud gave an analytical method [8] . Elasticity solutions are presented in [9] for curved beams with orthotropic functionally graded layers by means of Airy stress functions. The developed method is illustrated in curved cantilever beams with different types of loading conditions. Paper by Pydah and Sabale [10] presents and analytical model for the flexure of bidirectional functionally graded circular beam based on the Euler-Bernoulli beam theory. The material properties are simultaneously smooth functions of the polar angle φ and the radial coordinate r. The governing equations are solved for statically determinate circular cantilever beams under the action of tip loads. Static problems of curved composite beams were analysed by finite element methods in the papers of Ibrahimbegović and Frey [11] , Ascione and Fraternali [12] and Bhimaraddi et al. [13] . Paper by Dorfi and Busby [14] presents a laminated curved beam finite element with six displacement degrees of freedom and three stress parameters. The classical lamination theory and the Timoshenko theory are used to formulate the finite element. In [15] a new highly accurate composite laminated hybrid-mixed curved beam element is presented by Kim. The formulation of the finite element is based on the Hellinger-Reissner variational principle and the first-order shear deformation theory. Paper [16] presents a simple one-dimensional mechanical model to analyse the static and dynamic features of non-homogeneous curved beams. The formulation of the analytical solution developed in this paper is based on paper [16] . In the present paper according to [16] the field equations and boundary conditions are formulated in cylindrical coordinate system Orφz and it is assumed that the plane z = 0 is the plane of symmetry including the material and geometrical properties and loading conditions. The material and geometrical properties do not depend on polar angle φ, moduli of elasticity may depend on the cross-sectional coordinates (r, z), the curved beam in circumferential direction is homogeneous. This type of non-homogeneous curved beam is called φ-homogeneous curved beam [16] . The definition of φ-homogeneity includes those cases when the curved beam is a composite of different materials, so that moduli of elasticity are piecewise constants. Type of these beams are laminated and fibre reinforced beams. Their discontinuities in material properties should not affect the presented analysis. It must be mentioned that papers by Ecsedi and Lengyel [17, 18] provide analytical solution for layered curved composite beams with interlayer slip. In paper [17] the deformation of curved composite beam with partial shear interaction is determined under the action of concentrated radial load. Paper [18] gives numerical solution for in-plane deformation of two-layer composite beam with flexible shear connection by the application of principle of minimum of potential energy.
In this study φ-homogeneous curved beams are considered. Our aim is to develop an analytical solution to determine the deflection, cross-sectional rotation, internal forces and stresses. The presented method is based on the fundamental solutions. The fundamental solutions fulfil all the field equations and their initial values are zero except only one of them. Linear combination of the fundamental solutions which are fitted to given loading and boundary conditions provides the total solution of the considered static equilibrium problem. Figure 1 shows the non-homogeneous curved beams in the cylindrical coordinate system Orφz. The curved beam occupies the space domainB which is generated by the rotation of a plane figure, whose inner and boundary points are taken from the sets A and ∂A, respectively. The domain A = A ∪ ∂A is bounded and called the cross-section of the 
Governing equations
The plane z = 0 is the plane of symmetry of the curved beam (Figure 1 ). Denote the unit vectors of the cylindrical coordinate system Orφz er, eφ and ez. Following paper [16] the next displacement field is used to describe the inplane deformation of non-homogeneous curved beam
Application of the strain-displacement relationships of the linearised theory of elasticity provides the following results for the normal strains εr, εφ, εz and shearing strains rφ, rz, φz
The strains given by Eqs. (3) and (4) satisfy the requirements of the Euler-Bernoulli beam theory, only the normal strain εφ is different from zero. According to the simplified form of Hooke's law and Eq. (4) we can write
In Eq. (5) σφ is the normal stress, E = E(r, z) is the modulus of elasticity which may depend on the cross-sectional coordinate r, z. It is assumed that the plane of z = 0 is the plane of symmetry of material properties and loading conditions, so that we have E(r, z) = E(r, −z), (r, z) ∈Ā. In order to formulate the stress resultants-displacement relationships we introduce the following cross-sectional and material properties [16] 
Here, we note that e > 0 independently of the shape of cross-section and the form of modulus of elasticity function which is always positive. The proof of this statement follows from the next Schwarz's inequality
The stress resultants are defined according to paper [16] ( Figure 2 )
Illustration of stress resultants and couple stress resultant.
In Eq. (9) τrφ = τrφ(r, φ, z) is the shearing stress, N is the normal force, S is the shear force and M is the bending moment. We note, in the Euler-Bernoulli beam theory the shear force dos not effect to the deformation of nonhomogeneous curved beam, its value is obtained by the application of the force equilibrium equation. Substitution of (5) into Eqs. (8) 1, 3 gives
Here, we introduce the designation
In paper [16] the next equations of equilibrium are derived
In Eqs. (12), (13) fr = fr(φ) and fφ = fφ(φ) are the applied external forces and m = m(φ) is the applied moment obtained from the applied external forces [16] . Let V = V(φ) be defined as
Figure 3 enumerates some possible boundary conditions. 
Equations of state of stresses
The cross-section A of the φ-homogeneous curved beam can be represented in terms of thickness function t = t(r) (Figure 4) as We introduce the new type of stress resultants, i.e. stresses integrated through the thickness, which are
Equation of mechanical equilibrium in terms of these stress resultants can formulated as ∂ ∂r
Assuming that only the radial normal stress act at r = r 2 then we have the next stress boundary conditions
From Eqs. (5) and (11) it follows that
Knowing nφ = nφ(r, φ) the shearing stress resultant nrφ is obtained from Eq. (19) 1 and Eq. (20)
Integration of Eq. (19) 2 gives the normal stress resultant nr in the next form
Betti-Rayleigh type reciprocity relation
Let us consider two equilibrium states 1 and 2 of the φ-homogeneous curved beam. These equilibrium states are denoted by upper one comma and upper two comma, respectively. We defined the mixed strain energy U 12 for the states 1 and 2 and states 2 and 1 as
From the formulae
and Eqs. (25) it follows that
A detailed computation shows that U 12 can be written in the form
In Eq. (27) the next designation has been introduced
According to equations of equilibrium (12) and (13) we have for U 12 = W 12 , where
The mechanical meaning of W 12 is obvious, the work done by the applied forces and reactions of the first equilibrium state on the displacement field caused by the forces applied in second equilibrium state. Interchanging index 1 and 2 we get U 21 = W 21 , where
It is evident according to Eq. (26)
Equation (31) formulates the Betti-Rayleigh type reciprocity relation for φ-homogeneous curved beam.
Fundamental solutions
In the following we are going to define the fundamental solutions. All fundamental solutions
satisfy Eqs. (10), (12), (13) with the next initial and loading conditions
From the definitions of fundamental solutions we obtain 
where
X(φ) may be U(φ), V(φ), ϕ(φ), N(φ), S(φ), M(φ)
and F 1 , F 2 , M 1 are applied at the cross section given by φ 1 and H(φ) = 0 for φ ≤ 0, H(φ) = 1 for φ > 0.
Examples

Two-layer composite curved beam
The beam configuration and its loads are shown in Figure  6 The next numerical data are used: a = 0.045 m, b = 0.025 m, c = 0.035 m, t 1 = 0.009 m, t 2 = 0.002 m, E 1 = 10 11 Pa, E 2 = 8 × 10 9 Pa, f = f 1 = f 2 = −1000 N,
. The boundary conditions of this problem are as follows 
where φ 2 = α − φ 1 . Knowing N(0), S(0) and M(0) the solution for the layered curved composite beam with fixed ends can be given as 
Three-layer composite ring
The composite ring with uniform thickness and its cross section are shown in Figure 16 . The three-layered ring is subjected to compressive point load in radial direction (Figure 16) . Only a quarter of the ring has to be modelled because of the double symmetry of the geometry and loading conditions as shown in Figure 17 . Geometric and material data are as follows ( Figure 16 ).
The unknown initial values U(0) and M(0) can be computed from the next system of linear equations
Knowing all initial values the solution of the quarter of composite ring is represented as
where 
Functionally graded curved beam
The functionally graded beam and its cross section and the applied load can be seen in Figure 27 . Geometric and material data are as follows ( Figure 27 ): a = 0.05 m, rc = 0.5 m, Y = 2 × 10 9 Pa, F = 40000 N, α = π,
The cross sectional properties E 0 and R can be computed 
The plots of 
Illustration of the application of Betti-Rayleigh reciprocity theorem
The aim is to obtain the displacement V(α) and cross sectional rotation ϕ(α) for end loaded φ-homogeneous curved beam shown in Figure 32a . we define the second 
M(0) = 0, F 2 = |F 2 |.
From the Betti-Rayleigh reciprocity theorem it follows that
= W 21 = F 2 V(α)
A simple computation gives the next result for V(α) and ϕ(α)
ϕ(α) = F 1 R AE 0 e (cos α − 1).
Conclusions
An analytical solution is presented for non-homogeneous curved beam. In-plane deformation is considered and the classical Euler-Bernoulli beam theory is used. The solution of the considered equilibrium problems is based on the fundamental solutions. Paper presents the nine types of fundamental solutions and provides a formulation of the Betti-Rayleigh type reciprocity relation for nonhomogeneous curved beam. The presented numerical results can be used as benchmark solutions to check the validity of solutions obtained by other methods.
